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ORLICZ-BESOV IMBEDDING AND GLOBALLY n-REGULAR DOMAINS
HONGYAN SUN
Abstract Denote by B˙
α,φ
(Ω) the Orlicz-Besov space, where α ∈ R, φ is a Young function and
Ω ⊂ Rn is a domain. For α ∈ (−n, 0) and optimal φ, in this paper we characterize domains
supporting the imbedding B˙α,φ(Ω) into Ln/|α|(Ω) via globally n-regular domains. This extends the
known characterizations for domains supporting the Besov imbedding B˙spp(Ω) into L
np/(n−sp)(Ω)
with s ∈ (0, 1) and 1 ≤ p < n/s. The proof of the imbedding B˙α,φ(Ω) → Ln/|α|(Ω) in globally
n-regular domainsΩ relies on a geometric inequality involving φ andΩ , which extends a known
geometric inequality of Caffarelli et al.
1. Introduction
Suppose that φ is a Young function in [0,∞), that is,
(1.1) φ ∈ C([0,∞)) is convex and satisfies φ(0) = 0, φ(t) > 0 for t > 0 and limt→∞ φ(t) = ∞.
Let n ≥ 2 and Ω ⊂ Rn be a domain. For α ∈ R, the homogenous Orlicz-Besov space B˙α,φ(Ω) is defined as the
space of all measurable functions u in Ω whose (semi-)norms
‖u‖B˙α,φ(Ω) := inf
{
λ > 0 :
∫
Ω
∫
Ω
φ
(
|u(x) − u(y)|
λ|x − y|α
)
dxdy
|x − y|2n
≤ 1
}
are finite. Modulo constant functions, B˙α,φ(Ω) is a Banach space. Recall that the space B˙0,φ in metric spaces
was introduced by Piaggio [15] in the study of geometric group theory, and the extension and imbedding
properties of B˙0,φ(Ω) were considered by Liang-Zhou [13].
The Orlicz-Besov spaces extend the Besov (or fractional Sobolev) spaces. For s > 0 and p ≥ 1, denote by
B˙spp(Ω) the Besov spaces (also called fractional Sobolev space) equipped with the (semi)-norms
(1.2) ‖u‖B˙spp(Ω) :=
(∫
Ω
∫
Ω
|u(x) − u(y)|p
|x − y|n+sp
dxdy
)1/p
.
Letting α = s − n/p and φ(t) = tp, we always have ‖u‖B˙α,φ(Ω) = ‖u‖B˙spp(Ω) for all possible u, and hence
B˙α,φ(Ω) = B˙spp(Ω). Thus, Orlicz-Besov spaces include the Besov spaces as special examples.
Note that when s ∈ (0, 1) and p ≥ 1, B˙spp(Ω) is non-trivial, indeed, C
1
c (Ω) ⊂ B˙
s
pp(Ω). But when s ≥ 1
and p ≥ 1, thanks to the Poincare´ inequality, B˙spp(Ω) is trivial, that is, contain at most constant functions; see
for example [5, Theorems 4.1&4.2]. In general, to guarantee C1c (Ω) ⊂ B˙
α,φ(Ω) and hence the non-triviality of
B˙α,φ(Ω), we assume that φ be a Young function satisfying
(1.3) Λφ(α) := sup
x>0
∫ 1
0
φ(t1−αx)
φ(x)
dt
tn+1
< ∞
and
(1.4) Λφ(α) := sup
x>0
∫ ∞
1
φ(t−αx)
φ(x)
dt
tn+1
< ∞;
see Lemma 2.3. For the optimality of (1.3) and (1.4) we refer to Remark 1.4 and Remark 2.4. Under (1.3) and
(1.4), the interesting range of α is (−n, 1). Indeed, by the convexity of φ, when α ≥ 1, we always have
Λφ(α) ≥
∫ 1
0
t1−α
dt
tn+1
= ∞,
1
2 HONGYAN SUN
that is, (1.3) fails. Moreover, (1.4) always holds when α ≥ 0, but when α ≤ −n, by the convexity of φ and
letting 0 < c ∈ ∂φ(1), we always have
Λφ(α) ≥ sup
x>0
∫ ∞
1
φ(1) + c(t−αx − 1)
φ(x)
dt
tn+1
= sup
x>0
[
φ(1) − c
nφ(x)
+
cx
φ(x)
∫ ∞
1
dt
tn+α+1
]
= ∞,
that is, (1.4) fails. Young functions satisfies (1.3) and (1.4) include tn/(1−α)[ln(1 + t)]γ with γ > 1 and α ∈
(−n + 1, 0), tp[ln(1 + t)]γ with p ∈ (n/(1 − α), n/|α|) ∩ [1, n/|α|) and γ ≥ 1 or γ = 0, and also their convex
combinations.
In this paper, we are interesting in α ∈ (−n, 0). In this case, the homogeneity of B˙α,φ(Rn) is the same as that
of the Lebesgue space Ln/|α|(Rn), that is,
‖u(r·)‖B˙α,φ(Rn) = r
−α‖u‖B˙α,φ(Rn) and ‖u(r·)‖Ln/|α|(Rn) = r
−α‖u‖Ln/|α|(Rn) for any r > 0 and function u.
Viewing the theory for Sobolev spaces and Besov spaces, this enable us to establish the following imbeddings
of B˙α,φ(Rn) into Ln/|α|(Rn), and B˙α,φ(B) into Ln/|α|(B) for all balls B ⊂ Rn.
Theorem 1.1. Let α ∈ (−n, 0) and φ be a Young function satisfying (1.3) and (1.4). Then there exists a constant
C ≥ 1 depending only on n, α and φ such that
‖u − uB‖Ln/|α|(B) ≤ C‖u‖B˙α,φ(B) ∀ balls B and u ∈ B˙
α,φ(B)
and
inf
c∈R
‖u − c‖Ln/|α|(Rn) ≤ C‖u‖B˙α,φ(Rn) ∀ u ∈ B˙
α,φ(Rn).
For any s ∈ (0, 1) and 1 < p < n/s, let α = s − n/p ∈ (−n, 0). By B˙spp(Ω) = B˙
α,φ(Ω) for all Ω ⊂ Rn and
n/|α| = np/(n − ps), Theorem 1.1 is exactly the following well-known imbedding of Besov spaces B˙spp: there
exists a constant C > 0 depending only on n, s, p such that
(1.5) ‖u − uB‖Lnp/(n−sp)(B) ≤ C‖u‖B˙spp(B) ∀ balls B and u ∈ B˙
s
pp(B)
and
(1.6) inf
c∈R
‖u − c‖Lnp/(n−ps)(Rn) ≤ C‖u‖B˙spp(Rn) ∀ u ∈ B˙
s
pp(R
n)
see for example [1, 4, 12, 14].
Moreover, we characterize all domains Ω ( Rn supporting the imbedding of B˙α,φ(Ω) into Ln/|α|(Ω) via
globally n-regular domains. Here, a domain Ω ⊂ Rn is globally n-regular if there exists a constant θ ∈ (0, 1)
such that
|B(x, r) ∩Ω| ≥ θrn ∀ x ∈ Ω and 0 < r < 2 diamΩ.
Recall that in the literature a domain Ω ⊂ Rn is n-regular (or satisfies the measure density property) if there
exists a constant θ ∈ (0, 1) such that
|B(x, r) ∩Ω| ≥ θrn ∀ x ∈ Ω and 0 < r < 1,
see [11, 12, 18, 8, 22] and references therein. Obviously, a bounded domain is n-regular if and only if it is
globally n-regular. A unbounded globally n-regular domain is always n-regular but the converse is not true in
general.
Theorem 1.2. Let α ∈ (−n, 0) and φ be a Young function satisfying (1.3) and (1.4). Then, a domain Ω ⊂ Rn is
globally n-regular if and only if there exists a constant C ≥ 1 such that
‖u − uΩ‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω) ∀u ∈ B˙
α,φ(Ω) when diamΩ < ∞,(1.7)
and
‖u‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω) ∀u ∈ B˙
α,φ(Ω) having bounded supports when diamΩ = ∞.(1.8)
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As a consequence of Theorem 1.2, we have the following results for inhomogeneous Orlicz-Besov spaces
Bα,φ(Ω) := Lφ(Ω) ∩ B˙α,φ(Ω) which are equipped with the norms ‖u‖Bα,φ(Ω) = ‖u‖Lφ(Ω) + ‖u‖B˙α,φ(Ω). Recall that
Lφ(Ω) is the Orlicz space, that is, the collection of measurable functions u in Ω with
‖u‖Lφ(Ω) := inf
{
λ > 0 :
∫
Ω
φ
(
|u(x)|
λ
)
dx ≤ 1
}
< ∞.
Corollary 1.3. Let α ∈ (−n, 0) and φ be a Young function satisfying (1.3) and (1.4). A bounded domain Ω ⊂ Rn
is n-regular if and only if there exists a constant C ≥ 1 such that
‖u‖Ln/|α|(Ω) ≤ C‖u‖Bα,φ(Ω) ∀u ∈ B
α,φ(Ω).(1.9)
For any s ∈ (0, 1) and 1 < p < n/s, by considering extension of Bspp(Ω) fucntions as in [11, 12, 18, 19, 22],
we know that a domain Ω ⊂ Rn is n-regular if and only if there exists a constant C > 0 such that
(1.10) ‖u‖Lnp/(n−ps)(Ω) ≤ C‖u‖Bspp(Ω) ∀u ∈ B
s
pp(Ω).
By considering the extension of B˙spp(Ω) functions similarly, one also would prove that a bounded domain
Ω ⊂ Rn is globally n-regular if and only if there exists a constant C > 0 such that
(1.11) ‖u − uΩ‖Lnp/(n−ps)(Ω) ≤ C‖u‖B˙spp(Ω) ∀u ∈ B˙
s
pp(Ω).
Letting α = s − n/p ∈ (−n, 0) and φ(t) = tp, since Bspp(Ω) = B
α,φ(Ω) and B˙spp(Ω) = B˙
α,φ(Ω), we know that
Corollary 1.3 and Theorem 1.2 generalize both of (1.10) and (1.11) when Ω is bounded domain. We refer to
[6, 7, 20, 8, 9, 10] for the characterization of domains supporting the Hajlasz Sobolev (Besov) imbedding into
Lebesgue spaces via n-regular domains.
Remark 1.4. We remark that the assumption (1.4) in Theorem 1.2 and Corollary 1.3 is optimal for bounded
domains in the following sense. Given any α ∈ (−n, 0), the Young function tp with p ≥ 1 satisfies the
assumption (1.4) if and only if p < −n/α. In the critical case φ0(x) = t
n/|α| with α ∈ (−n, 0), (1.7) holds for any
bounded domain Ω ⊂ Rn. Indeed, for any u ∈ B˙α,φ(Ω), by the Ho¨lder inequality we have
‖u − uB‖Ln/|α| ≤ |B|
α/n
{∫
Ω
∫
Ω
|u(x) − u(y)|n/|α|dxdy
}|α|/n
≤
|B|α/n
( diamΩ)α
{∫
Ω
∫
Ω
φ0
(
|u(x) − u(y)|
|x − y|α
)
dxdy
|x − y|2n
}|α|/n
,
where B is a fixed ball so that 2B ⊂ Ω. Therefore,∫
Ω
∫
Ω
φ0
 |u(x) − u(y)|( diamΩ)α
|B|α/n
‖u − uB‖Ln/|α| |x − y|
α
 dxdy|x − y|2n ≥ 1,
which yields that
‖u − uB‖Ln/|α|(Ω) ≤
( diamΩ)α
|B|α/n
‖u‖B˙α,φ(Ω)
as desired.
To prove Theorems 1.1&1.2, we establish the following geometric inequality, which extend a geometric
inequality of Caffarelli-Valdinoci [2] and Savin-Valdinoci [17] not only to general Young functions but also to
globally n-regular domains; see Remark 3.3 (i).
Lemma 1.5. Suppose that Ω ⊂ Rn is a globally n-regular domain. Let α ∈ (−n, 0) and φ : [0,∞) → [0,∞) be
a Young function satisfying (1.3) and (1.4). There exists constants C1,C2 > 0 depending on n, α, φ,Ω such that∫
Ω\E
φ(t|x − y|−α)
|x − y|2n
dy ≥ C1
1
|E|
|Ω \ E|
|Ω|
φ(C2t|E|
|α|/n)
whenever t > 0, x ∈ Ω and E ⊂ Ω with 0 < |E| < ∞. Here, if |Ω| = ∞, we let
|Ω\E|
|Ω|
= 1.
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In Section 3, applying Lemma 1.5, using median values and improving some argument of Di Nezza et al
[3] we prove in a direct way that globally n-regular domains supporting B˙α,φ-imbedding (1.7) or (1.8). By
approximating Rn by balls B(0,R), which have uniform globally n-regular constants, we also derive Theorem
1.1. Conversely, by precise estimates of B˙α,φ-norms of certain cut-off functions as in Section 2, borrowing the
ideas from Hajłasz et al [8] and Zhou [22] we prove that domains supporting B˙α,φ-imbeddings as in (1.7) or
(1.8) are globally n-regular. Thus Theorem 1.2 holds. We remark that this gives a direct and new proof for
(1.5) and (1.6), and also for (1.11) and (1.10) in bounded n-regular domains; see Remark 3.3 (ii).
Remark 1.6. Under the assumption of Theorem 1.2, when Ω is a unbound domain, we also have the following
characterization: Ω is globally n-regular if and only if there exists constant C > 0 such that
inf
c∈R
‖u − c‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω) ∀u ∈ B˙
α,φ(Ω).(1.12)
which is better than (1.8). Moreover, Corollary 1.3 also holds when Ω is unbounded. However, the direct
approach above fails to prove them; see Remark 3.3 for a reason. Instead, in a forth-coming paper [21], for
full range α ∈ (−n, 1) and Young functions φ satisfying (1.3) and (1.4), we consider the extension of Orlicz-
Besov spaces, then together with Theorems 1.1 &1.2 and Corollary 1.3 above, fully characterize Orlicz-Besov
imbedding domains.
Finally, we make some convention on the notations or notion used in this paper. Throughout the paper,
C denotes a positive constant, which depend only on n, α, φ,Ω but whose value might be change from line to
line. We write A . (&)B if there exists a constant C > 0 such that A ≤ (≥)CB. We use
>
B
f (x)dx to denote the
average 1
|B|
∫
B
f (x)dx of a function f in a set B with positive measure. For any x ∈ Ω and A ⊂ R, dist (x, A)
denote the distance from x to A, diam A denote the diameter of the set A.
2. Some basic properties
We list several basic properties of Orlicz-Besov spaces in this section. Let us begin with two simple
properties of Young functions. Note that Young functions are always strictly increasing.
Lemma 2.1. Let α ∈ (−n, 0) and φ be a Young function .
(i) If φ satisfies (1.3), then
(2.1) φ(xs) ≤ 22nΛφ(α)φ(2
1−αx)sn/(1−α) ∀0 < s ≤ 1, x > 0.
(ii) If φ satisfies (1.4), then φ(xs−α)s−n → 0 as s →∞ for any x > 0 and
(2.2) φ(xs) ≤ 23nΛφ(α)φ(x)s
−n/α ∀s ≥ 1, x > 0.
Proof. (i) Since φ is increasing, by (1.3) we have
sup
s∈(0,1]
φ(xs1−α)
φ(x21−α)sn
≤ sup
j≥0
sup
s∈(2− j−1,2− j]
φ(xs1−α)
φ(x21−α)sn
≤ 23n sup
j≥0
∫ 2− j+1
2− j
φ(xs1−α)
φ(x21−α)
ds
sn+1
≤ 22n sup
j≥0
∫ 2− j
2− j−1
φ(x2α+1 s1−α)
φ(x21−α)
ds
sn+1
≤ 22n
∫ 1
0
φ(x21−α s1−α)
φ(x21−α)
ds
sn+1
≤ 22nΛφ(α) ∀x > 0,
which gives (2.1).
(ii) Similarly, for all x > 0 and j ≥ 0 we have
sup
s∈[2 j ,2 j+1)
φ(xs−α)
snφ(x)
≤ 22n+1
∫ 2 j+2
2 j+1
φ(xs−α)
φ(x)
ds
sn+1
≤
∫ ∞
2 j+1
φ(xs−α)
φ(x)
ds
sn+1
,
which implies that φ(xs−α)s−n → 0 as s → 0. Moreover, this also implies that
sup
s≥1
φ(xs−α)
snφ(x)
≤ sup
j≥0
sup
s∈[2 j ,2 j+1)
φ(xs−α)
snφ(x)
≤ 23n
∫ ∞
2
φ(xs−α)
φ(x)
ds
sn+1
≤ 23nΛφ(α) ∀x > 0,
which gives (2.2). 
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Lemma 2.2. Let α ∈ (−n, 0) and φ be a Young function. For any domainΩ ⊂ Rn, we have Bα,φ(Ω) ⊂ B˙α,φ(Ω) ⊂
L1
loc
(Ω) as sets.
Proof. Let u ∈ B˙α,φ(Ω) and λ > ‖u‖B˙α,φ(Ω), we have∫
Ω
∫
Ω
φ
(
|u(x) − u(y)|
λ|x − y|α
)
dydx
|x − y|2n
≤ 1.
By Fubini’s theorem, for almost all x ∈ Ω we have∫
Ω
φ
(
|u(x) − u(y)|
λ|x − y|α
)
dy
|x − y|2n
< ∞.
For any B = B(z, r) with z ∈ Ω and r < 1
3
diamΩ, choose an x ∈ 3B \ 2B satisfying above inequality. Then
r ≤ |x − y| ≤ 4r for all y ∈ B, and hence∫
B
φ
(
|u(x) − u(y)|
λrα
)
dy
(4r)2n
≤
∫
B
φ
(
|u(x) − u(y)|
λ|x − y|α
)
dydx
|x − y|2n
< ∞.
By Jessen’s inequality, we have
φ
(?
B
|u(x) − u(y)|
λrα
dy
)
< ∞
which implies that
>
B
|u(x) − u(y)| dy < ∞ that is, u ∈ L1(B). This completes the proof of Lemma 2.2. 
Lemma 2.3. Let Ω ⊂ Rn be a domain. Assume that α ∈ (−n, 0) and φ is a Young function satisfying (1.3) and,
when diamΩ = ∞, also satisfying (1.4). Then C1c (Ω) ⊂ B
α,φ(Ω) ⊂ B˙α,φ(Ω) as sets.
Proof. Let u ∈ C1c (Ω). Obviously, u ∈ L
φ(Ω). To see u ∈ B˙α,φ(Ω), let V = supp u, and W ⊂ Ω be a bounded
open set so that V ⊂ W . Then
H =
∫
Ω
∫
Ω
φ
(
|u(z) − u(w)|
λ|z − w|α
)
dzdw
|z − w|2n
=
∫
W
∫
W
φ
(
|u(z) − u(w)|
λ|z − w|α
)
dzdw
|z − w|2n
+ 2
∫
Ω\W
∫
V
φ
(
u(z)
λ|z − w|α
)
dzdw
|z − w|2n
=: H1 + H2.
It then suffices to show that H1 ≤ 1/2 and H2 ≤ 1/2 when λ is sufficiently large. Write L = ‖Du‖L∞(Ω). By
(1.3) one has
H1 ≤
∫
W
∫
B(w, diamW)
φ
(
|z − w|1−α
λ/L
)
dz
|z − w|2n
dw
= ωn
∫
W
∫ diamW
0
φ
(
t1−α
λ/L
)
dt
tn+1
dw
= ωn|W |( diamW)
−n
∫ 1
0
φ
(
( diamW)1−αt1−α
λ/L
)
dt
tn+1
≤ Λφ(α)ωn|W |( diamW)
−nφ
(
( diamW)1−αL
λ
)
,
and hence H1 ≤ 1/2 when λ > 0 is large enough. If Ω is bounded, then
H2 ≤ 2 dist (V, ∂W)
−2n|Ω \W ||V |φ
(
‖u‖L∞(Ω)( diamΩ)
|α|
λ
)
,
and hence H2 ≤ 1/2 when λ is large enough. If Ω is unbounded, by (1.4) we have
H2 ≤ 2
∫
V
∫
Rn\W
φ
(
‖u‖L∞(Ω)
λ|z − w|α
)
dw
|z − w|2n
dz
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≤ 2ωn
∫
V
∫ ∞
dist (V,∂W)
φ
(
‖u‖L∞(Ω)
λtα
)
dt
tn+1
dz
≤ 2ωn[ dist (V, ∂W)]
−n|V |
∫ ∞
1
φ
(
‖u‖L∞(Ω)
λ[ dist (V, ∂W)]αtα
)
dt
tn+1
≤ 2ωn[ dist (V, ∂W)]
−n|V |Λφ(α)φ
(
‖u‖L∞(Ω)
λ[ dist (V, ∂W)]α
)
,
hence H2 ≤ 1/2 when λ is large enough. This completes the proof of Lemma 2.3. 
Remark 2.4. (i) The assumption (1.3) is optimal to guarantee C1c (Ω) ⊂ B˙
α,φ(Ω) and hence the non-triviality
of B˙α,φ(Ω) in the following sense. For α ≥ 1 − n and p ≥ 1, by a direct calculation, the Young function
φ(t) = tp satisfies (1.3) if and only if p > n/(1 − α). Note that B˙α,φ(Ω) = B˙
n/p+α
pp (Ω). By [5, Theorems
4.1&4.2], B˙
n/p+α
pp (Ω), and hence B˙
α,φ(Ω), is nontrivial (or contains C1c (Ω)) if and only if s = n/p + α < 1, that
is, p > n/(1 − α).
(ii) In the case diamΩ = ∞, (1.4) is optimal to guarantee C1c (Ω) ⊂ B˙
α,φ(Ω) or the nontriviality of B˙α,φ(Ω)
in the following sense. Indeed, the Young function tp with p ≥ 1 satisfies (1.4) if and only if p < n/|α|.
Let φ(t) = tn/|α| and Ω be any unbounded globally n-regular domain. We see that ‖u‖B˙α,φ(Ω) = ∞ for any
u ∈ C1c (Ω) and u . 0. Indeed, for any λ > 0, let H and H2 be as in the proof of Lemma 2.3. Moreover,
let V0 = {x ∈ V : |u(x)| > ‖u‖L∞(Ω)/2} and W = B(z0, 4 diamV) with z0 ∈ V . For all w ∈ Ω \ W and z ∈ V ,
|z−z0| ≤ diamV, |z0−w| ≥ 4 diamV , it deduces that |z−z0| ≤
1
4
|z0−w|. Then |z−w| ≤ |z0−w|+ |z−z0| ≤
5
4
|z0−w|.
Thus
H2 ≥
‖u‖
n/|α|
L∞(Ω)
(2λ)n/|α|
∫
V0
∫
Ω\W
dzdw
|z − w|n
≥
‖u‖
n/|α|
L∞(Ω)
(2λ)n/|α|(5
4
)n
|V0|
∫
Ω\W
dw
|z0 − w|n
.
But ∫
Ω\W
dw
|z0 − w|n
≥
∑
j≥2
2− jk0n( diam V)−n|Ω ∩ [B(z0, 2
( j+1)k0 diamV) \ B(z0, 2
jk0 diamV)]|
≥
∑
j≥2
2− jk0n2 jk0n = ∞,
where k0 is a postiche integer satisfying θ2
k0n ≥ 2ωn so that
|Ω ∩ [B(z0, 2
i+k0 diamV) \ B(z0, 2
i diamV)]| = |Ω ∩ B(z0, 2
i+k0 diamV)| − |Ω ∩ B(z0, 2
i diamV)|
≥ θ2k0n2in( diam V)n − ωn2
in( diam V)n ≥ 2in( diamV)n.
Therefore, we always H ≥ H2 = ∞, which means that u < B˙
α,φ(Ω).
To end this section, we calculate Bα,φ(Ω) and B˙α,φ(Ω)-norms of some special functions, which will be used
in Sections 3 and 4.
For x ∈ Ω and 0 < r < t < 1
2
diamΩ, let BΩ(x, t) := Ω∩ B(x, t) and BΩ(x, r) := Ω∩ B(x, r), set the function
ux,r,t(z) =

1 z ∈ BΩ(x, r);
t−|x−z|
t−r
z ∈ BΩ(x, t) \ BΩ(x, r);
0 z ∈ Ω \ BΩ(x, t).
(2.3)
Lemma 2.5. Let α ∈ (0, n) and φ be a Young function satisfying (1.3) and (1.4). Then there exists a constant
C > 0 depending on n, α and φ such that for any domain Ω ⊂ Rn, x ∈ Ω and 0 < r < t < 1
2
diamΩ, we have
ux,r,t ∈ B˙
α,φ(Ω) and
‖ux,r,t‖B˙α,φ(Ω) ≤ C(t − r)
−α
[
φ−1
(
(t − r)n
|BΩ(x, t)|
)]−1
.
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Proof. Write u = ux,r,t for simple. Note that
H :=
∫
Ω
∫
Ω
φ
(
|u(z) − u(w)|
λ|z − w|α
)
dzdw
|z − w|2n
=
∫
BΩ(x,t)
∫
BΩ(x,t)
φ
(
|u(z) − u(w)|
λ|z − w|α
)
dzdw
|z − w|2n
+ 2
∫
Ω\BΩ(x,t)
∫
BΩ(x,t)
φ
(
|u(z)|
λ|z − w|α
)
dzdw
|z − w|2n
≤
∫
BΩ(x,t)
∫
BΩ(w,t−r)
φ
(
|z − w|1−α
λ(t − r)
)
dz
|z − w|2n
dw
+
∫
BΩ(x,t)
∫
BΩ(w,2t)\BΩ(w,t−r)
φ
(
|z − w|−α
λ
)
dz
|z − w|2n
dw
+ 2
∫
BΩ(x,t)\BΩ(x,r)
∫
Ω\BΩ(x,t)
φ
(
(t − |z − x|)|z − w|−α
λ(t − r)
)
dw
|z − w|2n
dz
+ 2
∫
BΩ(x,r)
∫
Ω\BΩ(x,t)
φ
(
|z − w|−α
λ
)
dw
|z − w|2n
dz
=: H1 + H2 + 2H3 + 2H4.
By (1.3), we have
H1 ≤ ωn|BΩ(x, t)|
∫ t−r
0
φ
(
s1−α
λ(t − r)
)
ds
sn+1
= ωn
|BΩ(x, t)|
(t − r)n
∫ 1
0
φ
(
s1−α(t − r)−α
λ
)
ds
sn+1
≤ ωnΛφ(α)
|BΩ(x, t)|
(t − r)n
φ
(
(t − r)−α
λ
)
.
By (1.4) we have
H2 ≤ ωn|BΩ(x, t)|
∫ ∞
t−r
φ
(
s−α
λ
)
ds
sn+1
= ωn
|BΩ(x, t)|
(t − r)n
∫ ∞
1
φ
(
(t − r)−αs−α
λ
)
ds
sn+1
≤ ωnΛφ(α)
|BΩ(x, t)|
(t − r)n
φ
(
(t − r)−α
λ
)
.
For any z ∈ BΩ(x, t) \ BΩ(x, r), note that Ω \ BΩ(x, t) ⊂ Ω \ BΩ(z, t − |z − x|) and 0 < t − |z − x| < t − r . By
(1.4) and (2.1) we have∫
Ω\BΩ(x,t)
φ
(
(t − |z − x|)|z − w|−α
λ(t − r)
)
dw
|z − w|2n
≤ ωn
∫ ∞
t−|z−x|
φ
(
(t − |z − x|)s−α
λ(t − r)
)
ds
sn+1
≤ Λφ(α)ωn
1
(t − |z − x|)n
φ
(
(t − |z − x|)1−α
λ(t − r)
)
≤ 22nΛφ(α)Λφ(α)ωn
1
(t − r)n
φ
(
(t − r)−α
λ/21−α
)
and hence,
H3 ≤ 2
2nΛφ(α)Λφ(α)ωn
|BΩ(x, t)|
(t − r)n
φ
(
(t − r)−α
λ/21−α
)
.
Moreover, for any z ∈ BΩ(x, r), note that Ω \ BΩ(x, t) ⊂ Ω \ BΩ(z, t − |z − x|) and t − |z − x| > t − r . By
(1.4) and (2.2) we obtain∫
Ω\BΩ(x,t)
φ
(
|z − w|−α
λ
)
dw
|z − w|2n
≤ Λφ(α)ωn
∫ ∞
t−|z−x|
φ
(
s−α
λ
)
dw
sn+1
≤ Λφ(α)ωn
1
(t − |z − x|)n
φ
(
(t − |z − x|)−α
λ
)
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≤ 23nΛφ(α)
2
ωn
1
(t − r)n
φ
(
(t − r)−α
λ
)
.
and hence
H4 ≤ 2
3nΛφ(α)
2
ωn
|BΩ(x, t)|
(t − r)n
φ
(
(t − r)−α
λ
)
.
Combining all above estimates together we conclude
H ≤ M
|BΩ(x, t)|
(t − r)n
φ
(
(t − r)−α
λ/21−α
)
,
where M = Λφ(α)ωn + Λφ(α)ωn + 2
2n+1Λφ(α)Λφ(α)ωn + 2
3n+1Λφ(α)
2
ωn + 1. Letting
λ0 = 2
1−α(t − r)−αM
[
φ−1
(
(t − r)n
|BΩ(x, t)|
)]−1
> 0,
by M ≥ 1 and the convexity of φ, we have ∀λ ≥ λ0,
H ≤ M
|BΩ(x, t)|
(t − r)n
φ
(
1
M
φ−1
(
(t − r)n
|BΩ(x, t)|
))
≤ 1.
Thus ‖ux,r,t‖B˙α,φ(Ω) ≤ λ0 as desired. 
Lemma 2.6. Let α ∈ (−n, 0) and φ be a Young function satisfying (1.3) and (1.4). AssumeΩ ⊂ Rn is a bounded
domain. There exists a constant C > 0 depending on n, α, Ω and φ such that x ∈ Ω and 0 < r < t < 1
2
diamΩ,
ux,r,t ∈ B
α,φ(Ω) and
‖ux,r,t‖Bα,φ(Ω) ≤ C(t − r)
−α
[
φ−1
(
(t − r)n
|BΩ(x, t)|
)]−1
.
Proof. Note that
‖ux,r,t‖Lφ(Ω) ≤
[
φ−1
(
1
|BΩ(x, t)|
)]−1
.
Indeed, for λ > [φ−1( 1
|BΩ(x,t)|
)]−1, since ux,r,t is supported in BΩ(x, t) and 0 ≤ ux,r,t ≤ 1, we have∫
Ω
φ
(
ux,r,t
λ
)
≤ φ(1/λ)|BΩ(x, t)| < 1
as desired.
It then suffices to prove that there exists a constant C > 0 such that[
φ−1
(
1
|BΩ(x, t)|
)]−1
≤ C(t − r)−α
[
φ−1
(
(t − r)n
|BΩ(x, t)|
)]−1
.
Note that this is equivalent to
(t − r)n
|BΩ(x, t)|
≤ φ
(
φ−1
(
1
|BΩ(x, t)|
)
C(t − r)−α
)
,
Since φ(x( diamΩ)−α) ≤ 23nΛφ(α)(
diamΩ
t−r
)nφ(x(t − r)−α) as in (2.2), it suffices to prove
23nΛφ(α)( diamΩ)
n
|BΩ(x, t)|
≤ φ
(
φ−1
(
1
|BΩ(x, t)|
)
C( diamΩ)−α
)
,
Choosing C > ( diamΩ)α(23nΛφ(α)( diamΩ)
n + 1), by the convexity of φ we have
φ
(
φ−1
(
1
|BΩ(x, t)|
)
C( diamΩ)−α
)
≥ φ
(
φ−1
(
1
|BΩ(x, t)|
))
[C( diamΩ)−α]
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=
C( diamΩ)−α
|BΩ(x, t)|
≥
23nΛφ(α)( diamΩ)
n
|BΩ(x, t)|
as desired. 
3. Proofs of Theorems 1.1&1.2 and Corollary 1.3
We begin with the proof of Lemma 1.5, which is motivated by [2, 17] and also [3].
Proof of Lemma 1.5. Let κ = [2ωn/θ]
1/n + 2. Then
Ω ∩ (B(z, κs) \ B(z, s)) , ∅ ∀z ∈ Ω and 0 < s <
2
κ
diamΩ.(3.1)
Indeed, we have |Ω ∩ B(z, κs)| ≥ θκnsn and and |Ω ∩ B(z, s)| ≤ ωns
n for all z ∈ Ω and 0 < s < 2
κ
diamΩ. Since
θκn > 2ωn, we know that Ω ∩ (B(z, κs) \ B(z, s)) has positive measure.
Let r ∈ (0, 2 diamΩ) such that |E| = |Ω ∩ B(x, r)|, and moreover, θrn ≤ |E| ≤ ωnr
n. If r ≥ 1
8κ
diamΩ, then
|E| ≥ C|Ω| and diamΩ < ∞. By (2.2), for all y ∈ Ω, we have
φ(t|x − y|−α) ≥
1
23nΛφ(α)
φ(t( diamΩ)−α)
(
|x − y|
diamΩ
)n
≥
1
23nΛφ(α)
φ(t( diamΩ)−α)
(
|x − y|
diamΩ
)2n
,
and hence there exist positive constants C1 and C2 such that∫
Ω\E
φ(t|x − y|−α)
|x − y|2n
dy ≥ C1
|Ω \ E|
|Ω|2
φ(t|Ω|−α/n) ≥ C1C
1
|E|
|Ω \ E|
|Ω|
φ(C2t|E|
−α/n)
as desired.
If r < 1
8κ
diamΩ, write∫
Ω\E
φ(t|x − y|−α)
|x − y|2n
dy =
∫
(Ω\E)∩B(x,r)
φ(t|x − y|−α)
|x − y|2n
dy +
∫
(Ω\E)\B(x,r)
φ(t|x − y|−α)
|x − y|2n
dy.
By (2.2), for y ∈ B(x, r) we have
φ(t|x − y|−α) ≥
1
23nΛφ(α)
φ(tr−α)
(
|x − y|
r
)n
≥
1
23nΛφ(α)
φ(tr−α)
(
|x − y|
r
)2n
.
Thus ∫
(Ω\E)∩B(x,r)
φ(t|x − y|−α)
|x − y|2n
dy ≥
1
23nΛφ(α)
φ(tr−α)
r2n
|(Ω \ E) ∩ B(x, r)|.
Note that
|(Ω \ E) ∩ B(x, r)| = |Ω ∩ B(x, r)| − |E ∩ B(x, r)| = |E| − |E ∩ B(x, r)| = |E \ B(x, r)|.
By (2.2), for y ∈ E \ B(x, r) we have
φ(tr−α) ≥
1
23nΛφ(α)
φ(t|x − y|−α)
(
r
|x − y|
)n
≥
1
23nΛφ(α)
φ(t|x − y|−α)
(
r
|x − y|
)2n
.
Therefore, ∫
(Ω\E)∩B(x,r)
φ(t|x − y|−α)
|x − y|2n
dy ≥
 1
23nΛφ(α)

2 ∫
E\B(x,r)
φ(t|x − y|−α)
1
|x − y|2n
dy.
Since [(Ω \ E) \ B(x, r)] ∪ [E \ B(x, r)] = Ω \ B(x, r), we obtain
∫
Ω\E
φ(t|x − y|−α)
1
|x − y|2n
dy ≥ min

 1
23nΛφ(α)

2
, 1

∫
Ω\B(x,r)
φ(t|x − y|−α)
1
|x − y|2n
dy.
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By (3.1), Ω ∩ (B(x, 2κr) \ B(x, 2r)) is not empty set, and hence containing some point, say z. Then
Ω ∩ B(z, r) ⊂ Ω ∩ [(B(x, 3κr) \ B(x, r)] ⊂ Ω \ B(x, r)
and
|Ω ∩ [(B(x, 3κr) \ B(x, r)]| ≥ |B(z, r) ∩Ω| ≥ θrn.
Thus, we have∫
Ω\B(x,r)
φ(t|x − y|−α)
1
|x − y|2n
dy ≥
∫
Ω∩[B(x,3κr)\B(x,r)]
φ(t|x − y|−α)
1
|x − y|2n
dy ≥ C3r
−nφ(tr−α),
where C3 is positve constant. Note that θr
n ≤ |E| ≤ ωnr
n and
|Ω\E|
|Ω|
≤ 1. The proof of Lemma 1.5 is
completed. 
Lemma 3.1. Let α ∈ (−n, 0) and φ be a Young function satisfying (1.3) and (1.4). Suppose that Ω is a globally
n-regular domain. Then there exists a constant C > 0 depending only on n, α, φ and θ such that
‖u‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω)
whenever u ∈ B˙α,φ(Ω) satisfies
(3.2) u ≥ 0 in Ω and |{x ∈ Ω, u = 0}| ≥ 1
2
|Ω| if |Ω| < ∞
or
(3.3) u ≥ 0 in Ω and |{x ∈ Ω, u > a}| < ∞ ∀a > 0 if |Ω| = ∞.
Proof. Let u ∈ B˙α,φ(Ω) satisfy (3.2) or (3.3). Obviously, we may assume that u . 0. Without loss of generality,
we may also assume that u is bounded. Indeed, for N ≥ 1 let
uN = uχ{x∈Ω:u<2N } + 2
Nχ{x∈Ω:u≥2N }.
Note that ‖u‖Ln/|α|(Ω) = limN→∞ ‖u
N‖Ln/|α|(Ω) and supN∈N ‖u
N‖B˙α,φ(Ω) ≤ ‖u‖B˙α,φ(Ω). If ‖u
N‖Ln/|α|(Ω) ≤ C‖u
N‖B˙α,φ(Ω)
hold for all N ≥ 1, by sending N → ∞, we have ‖u‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω) as desired. Moreover, when |Ω| = ∞,
we may further assume |{x ∈ Ω, u > 0}| < ∞. Indeed, for N ≤ 0 let
uN = (u − 2
N)χ{x∈Ω:u(x)>2N }.
By (3.3), we have
|{x ∈ Ω, uN(x) > 0}| = |{x ∈ Ω, u(x) > 2
N}| < ∞.
Note that ‖u‖Ln/|α|(Ω) = limN→∞ ‖uN‖Ln/|α|(Ω) and supN∈N ‖uN‖B˙α,φ(Ω) ≤ ‖u‖B˙α,φ(Ω). If ‖uN‖Ln/|α|(Ω) ≤ C‖uN‖B˙α,φ(Ω)
hold for all N ≤ 0, by sending N → −∞, we have u ∈ Ln/|α|(Ω) and ‖u‖Ln/|α|(Ω) ≤ C‖u‖Bα,φ(Ω) as desired.
Under above assumptions on u, we have u ∈ Ln/|α|(Ω). Indeed, in the case |Ω| < ∞, the boundedness of u
implies that u ∈ Ln/|α|(Ω). In the case |Ω| = ∞, the assumption |{x ∈ Ω : u(x) > 0}| < ∞ and the boundedness
of u also gives u ∈ Ln/|α|(Ω). Write
Ak := {z ∈ B : u(z) > 2
k} and Dk := Ak \ Ak+1 = {z ∈ B : 2
k < u(z) ≤ 2k+1},
and ak := |Ak | and dk := |Dk | for k ∈ Z. Then
‖u‖
n/|α|
Ln/|α|(Ω)
≤
∑
i∈Z
di2
(i+1)n/|α| ≤ 2n/|α|
∑
i∈Z
ai2
in/|α|
and
(3.4)
∑
i∈Z
ai2
in/|α| ≤
∑
i∈Z
∑
j≥i
d j2
in/|α| =
∑
j
d j
∑
i≤ j
2in/|α| ≤
1
1 − 2n/α
∑
j
d j2
jn/|α| ≤
1
1 − 2n/α
‖u‖
n/|α|
Ln/|α|(Ω)
.
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On the other hand, observe that {Dl}l∈Z, and hence {Dl × (Ω \ Al−1)}l∈Z, are disjoint for each other, and that
for any (x, y) ∈ Dl × (Ω \ Al−1), we have u(x) ≥ 2
l and u(y) ≤ 2l−1, and hence |u(x) − u(y)| ≥ 2l−1. Therefore,
H :=
"
Ω×Ω
φ
(
|u(x) − u(y)|
λ|x − y|α
)
dxdy
|x − y|2n
≥
∑
l∈Z
∫
Dl
∫
Ω\Al−1
φ
(
2l−1
λ|x − y|α
)
dy
|x − y|2n
dx.
If |Ω| < ∞, by (3.2), we know that ak ≤
1
2
|Ω| for all k ∈ Z. If |Ω| = ∞, then, by (3.3) we have al < ∞ for all
l ∈ Z. Thus, applying Lemma 1.5, we obtain
(3.5) H ≥ C1
∑
l∈Z,al−1,0
dl
al−1
|Ω \ Al−1|
|Ω|
φ
C22
l−1a
|α|/n
l−1
λ
 ≥ 12C1
∑
l∈Z,al−1,0
dl
al−1
φ
C22
l−1a
|α|/n
l−1
λ
 .
Let λ = M(
∑
i∈Z ai2
in/|α|)|α|/n with
M = C2
φ−1
23n+22n/|α|Λφ(α)
C1(1 − 2n/α)


−1
.
Noting φ(sC2/M) ≥ 2
−3n[Λφ(α)]
−1φ(C2/M)s
n/|α| for any s ∈ (0, 1) as given in (2.2), by (3.5) we obtain
H ≥
C1
2
∑
l∈Z, al−1,0
dl
al−1
φ
C2M 2
l−1a
|α|/n
l−1
(
∑
i∈Z 2
in/|α|ai)|α|/n

≥
C1
23n+1Λφ(α)
∑
l∈Z, al−1,0
dl
al−1
2(l−1)n/|α|al−1∑
i∈Z 2
in/|α|ai
φ
(C2
M
)
≥
C
23n+1Λφ(α)
∑
l∈Z, al−1,0 dl2
(l−1)n/|α|∑
i∈Z 2
in/|α|ai
φ
(C2
M
)
.
Since al−1 = 0 implies that dl = 0, we have
∑
l∈Z,al−1,0 dl2
(l−1)n/|α| =
∑
l∈Z dl2
(l−1)n/|α|. Thus by (3.4),
H ≥
C1(1 − 2
n/α)
23n+12n/|α|Λφ(α)
φ
(C2
M
)
= 2,
which implies that M
(∑
i∈Z ai2
in/|α|
)|α|/n
≤ ‖u‖B˙α,φ(Ω), that is, ‖u‖Ln/|α|(Ω) ≤ 2M
−1‖u‖B˙α,φ(Ω) as desired. The proof
of Lemma 3.1 is completed. 
From Lemma 3.1 and the media value we conclude the following Lemma 3.2.
Lemma 3.2. Let α ∈ (−n, 0) and φ be a Young function satisfying (1.3) and (1.4).
(i) If Ω ⊂ Rn is a bounded globally n-regular domain, then there exists a constant C > 0 depending only
on n, α, φ and θ such that
‖u − uΩ‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω), ∀ u ∈ B˙
α,φ(Ω).
(ii) If Ω ⊂ Rn is a unbounded globally n-regular domain, then there exists a constant C > 0 depending only
on n, α, φ and θ such that
‖u‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω), ∀ u ∈ B˙
α,φ(Ω) with |{x ∈ Ω : |u| > a}| < ∞ for all a > 0.
Proof. (i) Suppose that Ω ⊂ Rn is a bounded globally n-regular domain. For any u ∈ B˙α,φ(Ω), set the median
value
mu(Ω) := inf
{
c ∈ R : |{x ∈ B : u > c}| ≤
1
2
|Ω|
}
.
Then
|{x ∈ Ω : u > mu(Ω)}| ≤
1
2
|Ω| and |{x ∈ Ω : u < mu(Ω)}| ≤
1
2
|Ω|.
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Write u+ = [u−mu(Ω)]χu≥mu(Ω) and u− = −[u−mu(Ω)]χu≤mu(Ω). Then u± satisfies (3.2), and hence by Lemma
3.1, we obtain ‖u±‖Ln/|α|(Ω) ≤ C‖u±‖B˙α,φ(Ω),
On the other hand, note that u − mu(Ω) = u+ − u− and
‖u − mu(Ω)‖
n/|α|
Ln/|α|(Ω)
= ‖u+‖
n/|α|
Ln/|α|(Ω)
+ ‖u−‖
n/|α|
Ln/|α|(Ω)
.
Moreover, by
|u(x) − u(y)| = |[u(x) − mu(Ω)] − [u(y) − mu(Ω)]| = |u+(x) − u+(y)| + |u−(x) − u−(y)|, ∀x, y ∈ Ω,
we have ‖u±‖B˙α,φ(Ω) ≤ ‖u‖B˙α,φ(Ω). We then conclude
‖u − uΩ‖Ln/|α|(Ω) ≤ 2‖u − mu(Ω)‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω)
as desired.
(ii) Suppose that Ω ⊂ Rn is a unbounded globally n-regular domain. Assume that u ∈ B˙α,φ(Ω) satisfies
|{x ∈ Ω : |u| > a}| < ∞ for any a > 0. Write u+ = uχ{x∈Ω:u(x)≥0} and u− = −uχ{x∈Ω:u(x)≤0} . Then u = u+ − u−,
and u± satisfies (3.3). By Lemma 3.1, ‖u±‖Ln/|α|(Ω) ≤ C‖u±‖B˙α,φ(Ω). Note that
|u(x) − u(y)| = |u+(x) − u+(y)| + |u−(x) − u−(y)|, ∀x, y ∈ Ω,
and hence, ‖u±‖B˙α,φ(Ω) ≤ ‖u‖B˙α,φ(Ω). Combining with ‖u‖
n/|α|
Ln/|α|(Ω)
= ‖u+‖
n/|α|
Ln/|α|(Ω)
+ ‖u−‖
n/|α|
Ln/|α|(Ω)
, we conclude
‖u‖Ln/|α|(Ω) ≤ C‖u‖B˙α,φ(Ω) as desired. This completes the proof of Lemma 3.2. 
Theorem 1.1 then follows from Lemma 3.2.
Proof of Theorem 1.1. Note that {B(z,R)}z∈Rn,R>0 are globally n-regular domains with the same constant θ.
Indeed, let θ > 0 such that
|B(0, 1) ∩ B(x, r)| ≥ θrn for all x ∈ B(0, 1) and r < 2.
Then for any z ∈ Rn and R > 0, we have
|B(z,R) ∩ B(x, r)| = |B(0,R) ∩ B(x − z, r)| = Rn|B(0, 1) ∩ B((x − z)/R, r/R)| ≥ θRn(r/R)n = θrn
whenever 0 < r < 2R and x ∈ B(z,R). Thus by Lemma 3.2 (i) we know that there exists a constant C > 0 such
that
‖u − uB‖Ln/|α|(B) ≤ C‖u‖B˙α,φ(B) ∀ balls B and u ∈ B˙
α,φ(B)
as desired. Especially, given any u ∈ B˙α,φ(Rn) we have
‖u − uB(0,2k)‖Ln/|α|(B(0,2k)) ≤ C‖u‖B˙α,φ(B(0,2k)) ≤ C‖u‖B˙α,φ(Rn) ∀k ∈ N.
Therefore
|uB(0,2k) − uB(0,2k+1)| ≤ ω
α/n
n 2
−k|α|‖u − uB(0,2k+1)‖Ln/|α|(B(0,2k+1)) ≤ C2
−k|α|‖u‖B˙α,φ(Rn) ∀k ∈ N.
Thus uB(0,2k) converges to some c ∈ R as k → ∞, and
|uB(0,2k) − c| ≤
∑
l≥k
|uB(0,2l) − uB(0,2l+1)| ≤
∑
l≥k
C2−l|α|‖u‖B˙α,φ(Rn) ≤ C
2−k|α|
1 − 2α
‖u‖B˙α,φ(Rn).
Since
‖u − c‖Ln/|α|(B(0,2k)) ≤ ‖u − uB(0,2k)‖Ln/|α|(B(0,2k)) + |B(0, 2
k)||α|/n |uB(0,2k) − c| ≤ C‖u‖B˙α,φ(Rn),
letting k → ∞, we obtain ‖u − c‖Ln/|α|(Rn) ≤ C‖u‖B˙α,φ(Rn) as desired. This completes the proof of Theorem
1.1. 
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Remark 3.3. (i) Let 0 < s < 1 and 1 ≤ p < n/s. It is proved by [2, Corollary 25] and [17, Lemma A.1] that
(3.6)
∫
Rn\E
|x − y|n+spdy ≥
C
|E|sp
∀E ⊂ Rn with 0 < |E| < ∞,
that is, Lemma 1.5 with Ω = Rn, α = s − n/p and φ(t) = tp. Using (3.6), Di Nezza et al [3] proved that∫
Rn
∫
Rn
|u(x) − u(y)|p
|x − y|n+sp
ddxdy ≥
∑
l∈Z,al−1,0
ala
−sp
l−1
∀u ∈ B˙spp(R
n) having bounded supports,
which is Lemma 3.1 with Ω = Rn, α = s − n/p and φ(t) = tp essentially. After several technical arguments,
this allows them to obtain
(3.7) ‖u‖Lnp/(n−sp)(Rn) ≤ ‖u‖B˙spp(Rn) ∀ u ∈ B˙
s
pp(R
n) having bounded supports,
See [3, Section 6] for details. To get (3.7), our proof in Lemma 3.1 via Orlicz norm simplify the argument in
[3, Section 6] by dropping several technical arguments therein.
(ii) Lemma 1.5 extends (3.6) not only to general φ but also to globally n-regular domains Ω. Applying
Lemma 1.5 and an argument simpler than [3, Section 6], we extend (3.7) to not only general φ but also to
globally n-regular domains Ω as in Lemma 3.1. Moreover, with the aid of the median value, we further obtain
the desired imbedding of B˙α,φ(Ω) in Lemma 3.2. In particular, we give a new and direct proof to the well-
known facts (1.5) and (1.6), and also (1.11) for bounded domains.
(iii) When Ω ⊂ Rn is a globally n-regular domain and |Ω| = ∞, the direct argument above fails to prove
(1.12); the difficulty is to find a sequence domains ΩR which are globally n-regular with the same θ so that ΩR
is increasing and converges to Ω.
Now we prove Theorem 1.2 and Corollary 1.3.
Proof of Theorem 1.2. If Ω ⊂ Rn is a globally n-regular domain, then (1.7) and (1.8) follows from Lemma 3.2
directly. Below assume that Ω ⊂ Rn is a domain satisfying (1.7) or (1.8). With the aid of Lemma 2.5, (3.2) and
(3.3), and by borrowing some ideas from [8, 22], we will show that Ω is globally n-regular. To this end, take
arbitrary z ∈ Ω and 0 < r < 1
2
diamΩ, and for j ≥ 0, let 0 < b j ≤ 1 such that
|B(z, b jr) ∩ Ω| =
1
2 j
|B(z, r) ∩ Ω|.(3.8)
Obviously, 1 = b0 > b j > b j+1 > 0 for all j ≥ 1 and
|B(z, b jr) ∩ Ω| =
1
2
|B(z, b j−1r) ∩ Ω| ∀ j ≥ 0.(3.9)
Case diamΩ = ∞. It suffices to prove that there exists a constant C > 0 independent of z, r such that
(3.10) φ
C |BΩ(z, b jr)|α/n
(b jr − b j+1r)α

[
(b jr − b j+1r)
n
|BΩ(z, b jr)|
]−1
≥ 1 ∀ j ≥ 0.
Indeed, since φ(Cs−α)s−n → 0 as s → ∞ as given in Lemma 2.1 (ii), we know that φ(Cs−α)s−n ≥ 1 implies
that s ≤ ΛC for some constant ΛC > 0. By this and (3.10), we obtain
(b jr − b j+1r)
|BΩ(z, b jr)|1/n
≤ ΛC.
This together with (3.8) yields that
b jr − b j+1r ≤ ΛC |BΩ(z, b jr)|
1/n = ΛC2
− j/n |BΩ(z, r)|
1/n,
which gives
r =
∑
j≥0
(b jr − b j+1r) ≤
∑
j≥0
ΛC2
− j/n|BΩ(z, r)|
1/n = ΛC |BΩ(z, r)|
1/n
as desired.
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To prove (3.10), for j ≥ 0 let uz,b j+1r,b jr be the function defined by (2.3). By Lemma 2.5, we have uz,b j+1r,b jr ∈
B˙α,φ(Ω) and
‖uz,b j+1r,b jr‖B˙α,φ(Ω) ≤ C(b jr − b j+1r)
−α
[
φ−1
(
(b jr − b j+1r)
n
|BΩ(z, b jr)|
)]−1
.
Since |{x ∈ Ω : uz,b j+1r,b jr(x) , 0}| < ∞, by (1.8) we have
‖uz,b j+1r,b jr‖Ln/|α|(Ω) ≤ C‖uz,b j+1r,b jr‖B˙α,φ(Ω).
Note that
‖uz,b j+1r,b jr‖Ln/|α|(Ω) ≥ |Ω ∩ B(x, b j+1r)|
−α/n = 2α/n |Ω ∩ B(x, b jr)|
−α/n.
We conclude that
2α/n |BΩ(z, b jr)|
−α/n ≤ C(b jr − b j+1r)
−α
[
φ−1
(
(b jr − b j+1r)
n
|BΩ(z, b jr)|
)]−1
,
which implies that
φ−1
(
(b jr − b j+1r)
n
|BΩ(z, b jr)|
)
≤ C
|BΩ(z, b jr)|
α/n
(b jr − b j+1r)α
.
Case diamΩ < ∞. Note that by a simialr argument as in the case |Ω| = ∞, we have b1r < ΛC |BΩ(z, b1r)|
1/n.
Indeed, for j ≥ 1,
(3.11) ‖uz,b j+1r,b jr − (uz,b j+1r,b jr)Ω‖Ln/|α|(Ω) ≥
1
2
|Ω ∩ B(x, b j+1r)|
−α/n =
(1
2
)1−α/n
|Ω ∩ B(x, b jr)|
−α/n.
Note that uz,b j+1r,b jr − (uz,b j+1r,b jr)Ω ≥
1
2
either in BΩ(x, b j+1r) or in Ω \ BΩ(x, b jr). Since j ≥ 1 implies that
BΩ(x, b j−1r) \ BΩ(x, b jr) ⊂ Ω \ BΩ(x, b jr) and hence
|Ω \ BΩ(x, b jr)| ≥ |BΩ(x, b j−1r) \ BΩ(x, b jr)| = |BΩ(x, b jr)| > |BΩ(x, b j+1r)|,
together with |BΩ(x, b j+1r)| =
1
2
|BΩ(x, b jr)| we obtain (3.11). Then by the same argument as in the case
diam (Ω) = ∞, we are able to prove that b1r < ΛC |BΩ(z, b1r)|
1/n, where the value ΛC needed to be adjusted.
If b1 ≥ 1/10, by b1r < ΛC |BΩ(z, b1r)|
1/n, we have r < 10ΛC |BΩ(z, r)|
1/n as desired. Assume that b1 <
1/10. Let R = 2
5
r and y ∈ BΩ(z, r) with |y − z| = b1r + R/2. Note that since Ω is path-connected and
b1r+R/2 < 3 diamΩ/20, such y exists. Then B(z, b1r) ⊆ B(y,R) ( B(z, r), and B(z, b1r)∩B(y,R/2) = ∅. Thus
if |BΩ(y, b˜1R)| =
1
2
|BΩ(y,R)|, by |BΩ(z, b1r)| =
1
2
|BΩ(z, r)| >
1
2
|BΩ(y,R)|, we have BΩ(y, b˜1R) ∩ BΩ(z, b1r) , ∅,
so b˜1 ≥ 1/2. Note that by the above argument, we already have b˜1R ≤ ΛC |BΩ(y, b˜1R)|
1/n. Hence
2
5
r = R ≤ 2ΛC |BΩ(y,R)|
1/n ≤ 2ΛC |BΩ(z, r)|
1/n,
which gives 5ΛC |BΩ(z, r)|
1/n ≥ r as desired. 
Proof of Corollary 1.3. (i) Assume that Ω ⊂ Rn is a bounded n-regular domain. Then it is also bounded
globally n-regular domain. Let u ∈ Bα,φ(Ω). Since Jessen’s inequality implies that
φ
(
|uΩ|
λ
)
≤ φ
(?
Ω
|u|
λ
dx
)
≤
?
Ω
φ
(
|u|
λ
)
dx ≤
1
|Ω|
∫
Ω
φ
(
|u|
λ
)
dx ∀λ > ‖u‖Lφ(Ω),
we have |uΩ| ≤ ‖u‖Lφ(Ω)φ
−1(|Ω|−1). By Lemma 3.2 (i), we then have
‖u‖Ln/|α|(Ω) ≤ ‖u − uΩ‖Ln/|α|(Ω) + |uΩ||Ω|
|α|/n ≤ C‖u‖Bα,φ(Ω)
as desired.
Conversely, assume that Ω ⊂ Rn is a bounded domain satisfying that
‖u‖Ln/|α|(Ω) ≤ C‖u‖Bα,φ(Ω) ∀u ∈ B
α,φ(Ω)
for some constant C > 0. Considering Lemma 2.6, by the same argument as in the case |Ω| = ∞ in Theorem
1.1, we show that Ω is n-regular; the details are omitted. The proof of Corollary 1.3 is completed. 
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